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The flow of fluid from a point source or sink at some arbitrary height in a layer of deformable porous material 
is considered. This problem is applicable to filtration through beds of sand and flow in soils. The porous 
material is assumed to be an isotropic, homogeneous, linear elastic solid. The equations governing the 
behaclior of the medium and jluid are derived for an axisymmetric geometry using linear poro-elasticity theory 
and are sok>ed using the Hankef transform with the Hankel inversion integral eualuated numerically. The 
upper surface is stress free and permeable, with the lower surface impermeable to fluid jlow. Two different 
boundary conditions are applied to the lower surface; stress free and tethered. Results are given for the pressure 
contours, sut$ace fluid velocity, and the displacement of the solid matrix for a variety of source heights and 
boundary conditions. These results provide an indication of the amount of swelling of the medium and 
subsequent deformation of the free sugace as a function of the location of the point source and boundary 
conditions. 0 1997 by Elsevier Science Inc. 
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1. Introduction 
We consider here fluid flow and deformation from a point 
source or sink in a finite poro-elastic layer. Our motiva- 
tion is to model industrial filters for use in (1) the filtering 
of fresh water for human consumption and (2) the filter- 
ing of sewerage effluent. When water passes through a 
filter suspended particles are trapped, eventually clogging 
the pores of the filter medium. Injecting fluid expands the 
pores, prolonging the life of the filter and decreasing the 
frequency of the cleaning process using backwashing. For 
this problem we will model the behavior of the filter 
medium (the porous layer) as a deformable porous 
medium. 
Another motivation is the study of soil subsidence. 
When water is pumped from or into a saturated soil there 
can be significant deformation of the surrounding soil. For 
example the subsidence of the ground in Bangkok, Venice, 
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and Mexico City due to withdrawal of water from aquifers 
has been as large as 8 m.’ The injection of fluid into a 
porous layer, such as in geothermal energy production,’ 
has been known to cause expansion of the soil layer. 
The solutions we obtain are semi-analytical and hence 
can be used to test more complicated numerical schemes. 
Although this was not the original intention of this study 
we have found the results obtained here very useful in 
testing our own numerical finite difference code. 
The theory of deformable porous media originated with 
the studies of Terzaghi3 and Biot4 on the consolidation of 
soil under loading. This theory was extended using the 
theory of mixtures5,6 to model the deformation of arteries 
and articular cartilage.7,s 
There have been several publications that deal with the 
deformation of a porous material due to sinks or compres- 
sive loads. Booker and Carter considered the steady9 and 
time-dependent lo deformation and flow due to a sink 
beneath the surface in a semi-infinite porous medium with 
anisotropic permeability. The deformation of a porous 
layer due to a compressive load has been considered both 
numerically and analytically by a number of authors.“-‘5 
The relaxation of a porous layer after an assumed initial 
deformation has been considered analytically 16,17 for the 
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asymptotic case of a thin layer. A solution to the problem 
of a point source at the center of a porous layer was 
considered briefly by Vardoulakis and Harnpat- 
tanapanich” using numerical inversions of Laplace and 
Fourier transforms. Their paper also discussed various 
solutions to layers of soils with surface loadings. In a 
recent paper Barry et a1.19 considered the injection of 
fluid into a porous layer with an impermeable upper 
surface such as skin. In this paper we extend the work of 
Barry et al. I9 by consideri n a set of boundary conditions g 
more appropriate to soils and the filtering process. 
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the applied pressure gradient. Third gravity can be added __ _ 
easily into the analysis if desired, however, the fundamen- 
tal interactions between the fluid pressure gradient and 
the solid deformation, which we wish to study, would be 
obscured by the addition of a third driving force. 
When fluid flows from a point source in a porous 
material the forces associated with the flow will deform 
the material. The deformation, pressure, and flow due to a 
point sink is, by linearity, simply the opposite result to that 
of a sou.rce. In this study we consider the case of an 
axisymmetric layer of a deformable porous medium with a 
point source of fluid located at some arbitrary height 
(r, t) = (0, z,). The upper surface at z = h is assumed to 
be stress free and permeable with an impermeable sub- 
strate at z = 0. Two boundary conditions are considered 
for the substrate: (a) where the substrate adheres to the 
porous material; and (b) where the porous material is able 
to slide along a frictionless substrate. Our aim is to 
develop a mathematical model that will give insight into 
the behavior of the fluid flow and deformation of the 
medium for a variety of source positions, strengths, and 
elastic properties of the medium. 
In the analysis we will assume that the medium is 
isotropic, homogeneous, and axisymmetric, and that the 
deformations are small enough so that linear elasticity 
theory may be used. Figure 2 illustrates schematically the 
proposed geometry. Anisotropy can be incorporated read- 
ily into this model as can different stress conditions on the 
upper surface. Inherent in the assumption of linear elas- 
ticity is one of reversibility. In clean granular filters this 
assumption may not be true since the movement of the 
grains may be nonrecoverable. However this study is con- 
cerned with the steady-state deformation of the material, 
and hence reversibility is not considered. During flow in 
clogged filters the grains are bound together by the ad- 
hered particulate matter, and hence we expect the filter to 
behave like a poro-elastic material. We also assume that 
fluidisation does not occur within the porous material. We 
have also neglected the effects of gravity. This is for three 
reasons. First the filter may be orientated in different 
directions with respect to gravity. Second we expect that 
the force due to gravity will be small when compared to 
An important assumption is one of a constant perme- 
ability. The permeability is expected to be a function of 
the deformation since a compacted solid matrix will have 
lower permeability than when expanded. This dependence 
has been studied in some detai1,20-22 indicating an expo- 
nential dependence of the permeability on the strain 
models articular cartilage and polyurethane sponge. How- 
ever the correct form for the permeability for a clogged 
filter is unclear. Given that solutions assuming a constant 
permeability at low strains can be used to qualitatively 
predict the flow and deformation in the medium for 
higher strains** we felt that the assumption of an arbi- 
trary strain dependence is as crude as assuming a constant 
permeability. For the application to soil flow the deforma- 
tions are small enough that a constant permeability is 
appropriate. 
Inclusion of a strain-dependent permeability implies 
that equation (14) is a nonlinear equation that has no 
analytical solution except in very simplified situations. For 
example: in one dimension where exact solutions” can be 
found for steady flow or asymptotic solutions for unsteady 
flow 21.23; in purely radial flow through cylinders or 
spheres24; or where weakly nonlinear asymptotic results” 
can be found. For small strains, consistent with the in- 
finitesimal assumption, the permeability can be approxi- 
mated as being a constant. This assumption is a common 
one used by many other authors,9,‘0,‘2,‘6,‘9 and it is neces- 
sary for an analytical solution to be found. These analyti- 
cal solutions can be used to test fully numerical methods 
(such as finite element) that may be used to solve the 
governing equation when a nonconstant permeability is 
assumed. 
In the next section we derive the governing equations, 
which is followed by an outline of the method used to 
solve these equations. In Section 4 an analytical solution 
for the fluid velocity at the top surface is given. The 
Results and Discussion are presented in Section 5. 
2. Governing equations 
stress free boundary 
z=h 
Z.=ZO 1 r,P porous media . . . . . . . . . . . . . . . l 
I(\ 
1 
2 
The poro-elastic equations were first derived by Biot4 in a 
series of papers dealing with the consolidation of soils. 
These equations were then rederived and extended using 
mixture theory6,” by Bowen in 1980 and were applied to 
the study of soft tissue compression.7,s,2”-24,26 We have 
included here a brief overview of the poro-elastic equa- 
tions derived using mixture theory, but we refer readers to 
the above references for a more complete and formal 
derivation. 
r 
/7/,,,I,I,,,,,,,ITm,,/II,/,,,/ z=o 
Figure 1. Schematic diagram of a point source in a layer of 
deformable porous material. 
The porous material is modelled as a continuous binary 
mixture of solid and fluid phases (denoted by p = s,f, 
respectively) where each point in the mixture is occupied 
simultaneously by both fluid, f, and solid, s. The porous 
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medium is assumed homogeneous and isotropic with no 
body forces. Both the solid and fluid phases are assumed 
to be intrinsically incompressible. Bulk compression of the 
mixture can arise only by a decrease in the fluid fraction. 
The deformation will be taken to be small so that the 
intrinsic properties of each phase of the porous medium 
remain approximately constant throughout the deforma- 
tion. 
The density of each phase in the mixture is given by 
pp = pF+ p where p! is the intrinsic density and tip is 
the volume fraction of component p. For our binary 
system 4” + @ = 1. 
The conservation of mass for each phase can be shown 
to be, 
(1) 
where the solid velocity vs = du/dt, u is the solid dis- 
placement vector, qs = 0, and qf = q = 0, except at any 
sources or sinks in the medium. The overall continuity 
equation is obtained by adding the equations for both 
phases so that, 
V*(@v, + $Jfvf) =q (2) 
or 
v.v=q (3) 
where we define v = 4fvf + c#?v’ as a macroscopic fluid 
velocity vector. 
The momentum equation for each phase is 
=V.TP+pPbP+rP (4) 
where TP is the stress tensor for the j? phase, bS is the 
resultant external body force (neglected here), and rrp is 
a drag force between the constituents representing inter- 
nal forces due to frictional interaction between the two 
phases. For small velocities and deformation rates the 
inertial terms can be assumed to be negligible.23 With 
these assumptions equation (4) becomes 
V.TP= -=p (5) 
where Newton’s third law implies z-’ = -m-f; that is that 
the force exerted by the solid on the fluid is opposite to 
the force exerted by the fluid on the solid. 
The stress tensors can be modelled as 
Tp= -c$$I+op (6) 
-ns = rf = K(v” - vf) -p V@ (7) 
where cr’ represents a solid stress, the “contact stress,“5 
a function of the strain, K is the drag coefficient of 
relative motion, p is the fluid pressure, and I the identity 
tensor. These stress equations split the stress tensors into 
contributions due to hydrostatic pressure and those due to 
viscous stress or solid matrix stress. The interaction term 
represents the linear drag between the constituents that is 
drawn from Darcy’s law. 
We assume here that the viscous fluid stress is negligi- 
ble in comparison to the frictional interaction between the 
fluid and the solid, hence CT~ = 0 and us = (T. 
Substituting the interaction term (7) into equation (5) 
and using 4” = 1 - ~$f leads to 
v.u= + yl) 
Using the conservation of mass equation (3) in equa- 
tion (8) gives 
1 du 
vp’v.u=k ---v 
i i 
(9) 
where k = (4/)*/K is the “permeability” II is the dis- 
placement of the solid, and du/dt = vs. The notation we 
use for the “permeability,” k, conforms to that used in the 
biological literature and in other derivations of these 
poro-elastic equations.’ The fluid viscosity, which is often 
written separately in the soil literature, is incorporated 
into k. 
Equation (9) can be heuristically explained in physical 
terms. Taking Darcy’s law and expressing it relative to the 
movement of the solid it is easy to obtain Vp = 
l/k( du/dt - v). Considering the stress in the solid matrix 
as being governed by the standard equilibrium equation of 
elasticity gives V. u = Vp where the gradient of pressure is 
acting as an internal body force on the solid matrix. 
We are assuming here that the flow and 
are at a steady state, hence there is no time 
Thus our momentum equation reduces to 
deformation 
dependence. 
V.o=Vp=-v 
k 
(10) 
The solid contact stress is related to the displacements, 
u = (u, u), by the relationships: 
a=h+I+2pe e = ~(VU + (Vu)r> (11) 
where A, p are the Lame stress constants, e is the in- 
finitesimal strain tensor, I is the identity tensor, and 
4 = ejj using the tensor summation convention. 
For an axisymmetric system (I, z) substitution of the 
elastic equation (11) into equation (10) yields: 
(12) 
(13) 
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where 
dU au +v.u-+++t 
dr r a2 
and 
a2 1 a a2 
v2=-g+;~+~ 
(14) 
(15) 
The function 4 represents the dilatation and is propor- 
tional to the change in porosity. 
Taking the divergence of equation (10) and using equa- 
tions (11) and (3) it can be shown that: 
(h+2j.L)V2+=v*p=+ (16) 
For a single point source at (r, z) = (0, z,), the term q 
is: 
6(r) 
q =fo- 
r 
6(z -20) 
where 6 is the Dirac delta function, and f,, a source 
strength. 
The boundary conditions at the surface of a porous 
medium are discussed in detail in Hou et a1.26 For this 
problem the total stress at the top surface, z = h, is zero, 
and the pressure is zero, giving the appropriate boundary 
condition for the solid contact stress as a,, -p = urz = 0. 
Therefore on z = h: 
au A 
-Fz+-- i 1 au+u =o h+2p ar r 
;+!$0 
p=o 
(17) 
(18) 
(19) 
On the lower impermeable surface where z = 0 no 
vertical displacement or flow gives: 
v=o (20) 
ap -= 0 
az 
(21) 
and we consider two different boundary conditions for the 
horizontal stress or displacement: 
u = 0 no-slip condition, and 
au au 
a,, = x + z = 0 slip condition 
(22a) 
(22b) 
For the no-slip boundary condition, equation (22a), the 
porous material adheres to the rigid substrate. The alter- 
native slip boundary condition, equation (22b), assumes 
that the porous media is free to slide across the substrate. 
These two boundary conditions represent the two ex- 
tremes of contact on the lower surface. Therefore the 
final solutions will represent upper and lower bounds for 
the behavior of the medium for all possible stress condi- 
tions on the lower boundary. 
2.1. Nondimensionalisation 
We nondimensionalise the equations by scaling all lengths 
with respect to the height of the layer h and the pressure 
with respect to the Lame constant 2~, that is: 
jj,P Z u 
2P’ 
f=- 
h’ 
&=- 
h’ 
02 
h’ 
r 
i=- (23) 
h 
Two dimensionless parameters 
m=l+? 
hfll (y=- 
P 4??/.LK 
thus occur. The parameter a represents a scaled source 
strength and m is a measure of the elastic nature of the 
medium. Since we assume the problem is linear (Y simply 
scales the results. For instance doubling a doubles any 
resulting flow or deformation. 
We now assume all variables to be nondimensional, 
and hence we drop the hat notation. The corresponding 
nondimensional equations for equations (12), (13), and 
(16) are: 
(25) 
ap a+ 
V2v = 2- -m- 
az a.2 
m+l 
p2 = P --j- v*+ 
(26) 
(27) 
6(r) 
vp = -arS(z-z,) 
with boundary conditions on t = 1 
p=o 
(29) 
which were obtained from equation (17) with equations 
(14) (18) and (19), respectively. On z = 0 the conditions 
remain unchanged from equations (20) (21), and (22). As 
r + 00 the variables U, v, 4, p + 0. 
3. Solution method 
The solution method used to resolve equations (25)-(28) 
is not obvious. At steady state equation (28) is indepen- 
dent of both u and v and can be solved separately as a 
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Poisson problem. However the appearance of the pressure 
in equations (25) and (26) complicates the solution. Hence 
it is advantageous to find a simple expression for the 
pressure, from equation (281, to enable the solution of the 
more difficult displacement equations. We found that the 
best method was to use a Hankel transform in the radial 
direction and to solve the subsequent coupled set of 
ordinary differential equations. 
The Hankel transform is defined as: 
~,l(f(r, 2)) =J‘(k, z) = ~mrJn(kr)f(r. 2  dr (30) 
where J,i is an nth-order Bessel function. We denote 
u = H,(u), p = H,,(p], E = H,fu] and 
text on Green’s function. This gives: 
z E [z,, 11 
z E [0,2()1 
(38) 
where 
cosh(kz,) 
‘r = - k cash(k) 
(39) 
A,= - 
sinh(k(z, - 1)) 
k cash(k) 
(40) 
--- 
The quantities U, U, 4 are also divided into solutions in 
the intervals z E [ze, l] and t E [0, z,], denoted with sub- 
scripts 1 and 2, respectively. Thus: 
Taking the Hankel transform H, of equation (25) gives 
a2u 
--k’ii= -2kjS+mk$ 
dZ2 
(31) 
(32) 
Taking H,, of equations (26), (271, and (28) we obtain: 
a2t; 
_ - 
- - 
dZ2 
k’&?_,~ 
az 
(33) 
51,* = $---p + Ccosh(kz) + D sinh(kz) (41) 
u, = E, cosh(kz) + F, sinh(kz) + $z sinh(kz) 
mD 
+2zcoshkz- 
QAI 
-z cosh(k(z - 1)) 
m+l 
(42) 
a2p 
- -k2jj= 
dZ2 
m;l($&‘$i 
a2Jl 
- -k’jj= -aS(z-zo) 
dZ2 
(34) 
(35) 
with the following transformed boundary conditions on 
au 
z-kfi=O jj = 0 (36) 
z= 1: 
m-l_ dE 
y$l+dt=o 
On z = 0 we have: 
u=o ap/az = 0 
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u2 = E, cosh(kz) + F, sinh(kz) + $z sinh(kz) 
mD 
+2zcoshkz- 
‘YA2 
-z sinh(kz) 
m+l 
(43) 
u1 = G, cosh(kz) + L, sinh(kz) - Tz cash(h) 
- Tz sinh(kz) + sz sinh(k(z - 1)) 
(44) 
u2 = G, cosh(kz) + L, sinh(kz) - $zcosh(kz) 
- yz sinh(kz) + 
QAZ 
-z cosh(kz) 
m+l 
(45) 
(a) E=O 
no-slip condition 
where C, D, E,,,, F,:,, G1,2, and L,,, are complicated 
expressions that are independent of z and were found 
from the boundary conditions and by satisfying continuity 
at z = za. The algebraic manipulation package Maple was 
used to find these expressions. 
dii 
(b) --,Z&j=O (37) 
dZ 
slip condition 
The solution to equation (35) for the pressure is found 
in the regions z < z0 and z > z0 by using standard meth- 
ods for second-order constant coefficient differential 
equations and then by using the matching conditions at 
z =zO of p(z,‘) =p(z;) and p’(zO+) -p’(z;) = -1. A 
derivation of the matching condition can be found in any 
The inversion of the Hankel transform is a semi-in- 
finite integral, which was performed numerically using 
NAG integration routines. These inversions were also 
checked using alternative integration routines. To avoid 
numerical overflow in the above expressions, as k + m in 
the integral, the sinh and cash terms were replaced by 
exponentials. The resulting expressions were manipulated 
to ensure that numerical overflow did not occur. 
Since these solutions are semi-analytical, only requiring 
the numerical evaluation of an integral, they can be calcu- 
lated to any required accuracy, at any point in the medium. 
Thus they are useful in testing more complicated finite 
difference or finite element numerical schemes. 
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4. Fluid velocity through the top surface 
To avoid fluidisation of the filter medium it is important 
to know the velocity of the fluid through the surface. 
The vertical surface velocity is given by 
Vf(r, 2 = 1) = 9 
az *=, 
Using the expression given in equation (38) for the 
pressure we can express the Hankel inversion integral as: 
-1 ap 
-- 
ff dz r=l 
10 k cash kz,, 
= I cash k J,(kr) dk 0 
m &2,-l) + e-k(r,+l) 
= 
/ 
k 
1 + eezk 
J,(kr) dk 
0 
xJ,(kr) dk 
= -&_l)’ 
1 -.Q+ 2i 
i=O (9 + (1 - 20 + 2i)Z)3’2 
I 
(47) 
where equation 6.621.4 of Gradshteyn and Ryzhikz7 has 
been used to evaluate the integral. Although this result is 
useful for checking the numerical calculations a simpler 
analytical result could not be found using this method, 
even for the case of flow at r = 0. 
The method of images can be used, however, to find a 
simpler result for the velocity at r = 0 and .z = 1 as a 
function of zO. It can be shown that an image system of 
sources and sinks that matches the appropriate boundary 
conditions for pressure consists of sources located at 
z=~~,f4+~~,+8+~~,... and z = -z,,, +4 -zO, +8 - 
ZO,... and sinks at z = +2 - zo, +6 - zo, . . . and z = +2 
+z,, +6+z,,... . Each of these sets of sources and sinks 
can be evaluated separately. To simplify the calculations 
we consider a simple series of sources of unit strength at 
z=O,fl, *2 )... . The expression for the pressure for this 
system, P,, would be: 
(48) 
which becomes at r = 0: 
p,l,_lF~+ 5 t 
1 1 
-+- 
i= 1 z-i z+i 1 
=1+2z+ 
2. i=l 
_ i2 
= 74 cot(7rz) I (49) 
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By simple translation and scaling the four series of 
sources and sinks that represent the pressure can be 
written as: 
Differentiation of this result yields the maximum flow 
velocity through the top surface at z = 1 as: 
V=Vr(r=O,z=l) 
= ${cosec’( a,1 -.a)) 
+cosec’( T(l +z,))} (51) 
5. Results and discussion 
In this section we present the results for the deformation, 
pressure, dilatation, and fluid velocity for a variety of 
source heights, zo. Since the problem is linear the source 
strength, (Y, can be chosen arbitrarily. Results for differ- 
ent cy are identical apart from a simple scaling. For our 
infinitesimal assumption to be valid (Y should be small 
with LY +Z 1. However, for ease of visualization, we use 
(Y = 0.2 throughout. We will also compare the effect that 
the two lower boundary conditions given in equation (37) 
have on the medium and fluid. 
The deformation pattern of the porous medium for a 
source located at z0 = 0.5 is illustrated in Figure 2. The 
solid lines indicate the deformation for the no-slip bottom 
boundary condition, equation (22a), while the dashed lines 
Z 
1.0 
0.8 
0.6 
0.4 
0.2 
0.2 oh ok 0,s 1.b 1:2 
r 
Figure 2. Deformation of a porous layer with source height 
zc = 0.5, elastic parameter m = 1.5, and source strength a = 0.2. 
Solid lines indicate the deformation with the no-slip lower 
boundary condition, equation (22a), while dashed lines indicate 
deformation with the slip boundary condition, equation (22b). 
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represent the deformation with the slip condition, equa- 
tion (22b). An implicit assumption in the analysis is that 
the source moves with the deformable medium. In this 
example using (Y = 0.2 the source has moved with the 
medium to a new height z = 0.57. As expected a small 
cavity also occurs around the source site. The upper 
surface deformation is greater in the no-slip case than 
with the slip boundary condition. The sliding of the porous 
media along the bottom for the slip boundary condition is 
also apparent. Also shown on this plot are scaled arrows 
representing the fluid velocity at the surface. The surface 
velocity decreases rapidly away from the axis center r = 0. 
In Figure 3 we represent pressure contours for the 
same conditions as in Figure 2. These contours are inde- 
pendent of the stress and displacement boundary condi- 
tions. For visual purposes the contours are shown at 
values p = 0.025, 0.05, 0.1, 0.2, 0.4, 0.8, 1.6, 3.2, and 6.4, 
illustrating the logarithmic type decay of the pressure with 
distance from the source. The contours closer to the 
source are spherical, and further away from the source 
they become distorted as the influence of the boundaries 
dominates. 
In Figure 4 the contours of the dilatation, 4, are 
illustrated with contour values and parameters the same 
as for Figzue 3. The solid lines indicate &, for the no-slip 
boundary condition and the dashed line for the slip 
boundary condition. As we approach the source both 
contours converge and are spherical, which is to be ex- 
pected since the boundary conditions should have little 
influence near the source. The material also undergoes 
expansion throughout the layer with the porosity increas- 
ing. 
The top surface displacement is illustrated in Figure 5 
for three different source heights: z0 = 0.25, 0.5, and 0.75. 
The solid lines indicate the vertical displacement when the 
no-slip boundary condition is used, and the dashed line 
when the slip boundary condition is used. Two different 
values for the elastic parameter m are considered: m = 1.5 
and 2.5. As indicated in Figure 2 the vertical displacement 
for the slip boundary condition is always less than that of 
the no-slip condition. The surface displacement is smaller 
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0 0.2 0.4 0.6 0.8 1.0 
r 
Figure 4. Contours of dilatation, 4 = 0.025, 0.05, 0.1, 0.2. 0.4, 
0.8, 1.6, 3.2, and 6.4 corresponding to the same results and 
parameters as Figure 2. 
when m ;s larger. Since m = 1 + A/p., when A increases 
the material becomes stiffer in compression or expansion, 
which would imply a smaller deformation. 
The maximum surface displacement, u(r = 0, z = 11, is 
shown in Figure 6 as a function of source height zo. The 
displacement for the no-slip condition is given by the solid 
line. and for the sliu condition bv the dashed line. The 
surface displaceme& for the slii and no-slip boundary 
condition reach the same maximum when the source is 
near -to = 1. At this point the effect of the lower boundary 
condition becomes negligible. It is interesting to note that 
in the no-slip condition the maximum vertical surface 
displacement has a local minima at z. = 0.44. This minima 
is due to two competing effects. First, for a source near 
e 
9 01 
\/ m = 1.5 
z, = 0.25 
, I 
I I I I 
0 0.2 0.4 0.6 0.6 1 .o 
r 
0 I I 1 I I ! 
0 0.2 0.4 0.6 0.8 1.0 
Radial distance 
Figure 3. Pressure contours, p =0.025. 0.05, 0.1, 0.2, 0.4, 
0.8, 1.6, 3.2, and 6.4 in decreasing value from the source, 
corresponding to the same results and parameters as Figure 2. 
Figure 5. Upper surface vertical deformation, vfr, z = 11, for 
no-slip condition (solid lines) and slip condition (dashed lines), 
obtained using LY = 0.2 and m = 1.5 and 2.5 for various source 
positions zc. 
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Figure 6. Maximum surface vertical deformation, v(r = 0, z = 
1). for the no-slip boundary condition (solid line), slip boundary 
condition (dashed line), and the maximum surface velocity, W, 
from equation (51) (dotted line) as a function of zc obtained for 
a = 0.2 and m = 1.5. Note that the vertical scale for the displace- 
ment starts at 0.09, not zero, and that the vertical scale for the 
velocity is logarithmic. 
the top boundary, the large fluid velocity through the 
surface drags the solid component upward, giving a large 
surface deformation. This surface velocity decreases for 
sources nearer the lower boundary, hence producing a 
smaller surface deformation. Second the upper surface 
displacement is affected by all the deformations in z E 
[O, 11, and in particular the deformation in z E [z,, 11. 
Hence with a source near a no-slip lower boundary the 
upper surface displacement is affected by the accumulated 
sum of the deformations within the layer. Thus the top 
surface has a large positive displacement when the source 
is near the top boundary, due to large fluid velocity and 
associated drag, and near the lower boundary, due to 
accumulated displacement over the layer. These two ef- 
fects diminish when the source is near the center of the 
layer producing a local minima. In contrast to this, when a 
slip condition is applied at the lower boundary, a source 
near the lower boundary acts to “push” the solid material 
radially outward rather than upward, hence reducing the 
height of the layer. 
Also illustrated in Figure 6 is the maximum surface 
velocity, V (dotted line), given by equation (51). Note that 
the fluid velocity has a logarithmic scale. As expected this 
surface velocity rises to infinity when the source is near 
the surface and approaches a finite constant value if the 
source height is near the lower boundary. 
6. Discussion and conclusion 
We have illustrated a semi-analytical method for deter- 
mining the response from a steady-state point source or 
sink on the fluid flow and material deformation in a 
saturated poro-elastic layer. This solution can be used to 
model filtration phenomena, and pumping within a soil 
layer, or to check numerical schemes. Upper and lower 
bounds on the displacement were found by considering 
two different boundary conditions on the lower surface. 
For the no-slip boundary condition the porous material 
adheres to the rigid substrate. The slip boundary condi- 
tion assumes that the porous medium is free to slip across 
the lower substrate. It was shown that the surface dis- 
placement was lower with a slip boundary condition and 
generally increased with an increasing height of the source. 
The porosity, however, was larger for the slip boundary 
condition, and in all cases the porosity increases through- 
out the region. 
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Nomenclature 
A,, A,,C, D, E,,,, 
JPI 
K 
k 
in 
P 
p 
4 
u=(u,L:) 
V 
ii 
fi 
vf 
. ..) L 1.2 “constants” found by applica- 
tion of the boundary condi- 
tions 
strain tensor 
a source strength 
height of medium 
Hankel transform 
identity tensor 
Bessel function of order IZ 
linear drag coefficient 
permeability (including the 
fluid viscosity term) 
elastic scaling constant m = 1 
+ A/P 
fluid pressure 
transformed variable p = 
Ho{P} 
source or sink term in con- 
servation of mass equation 
radial distance 
time 
displacement vector with ra- 
dial and height components 
fluid velocity vector 
transformed variable U = 
H,(u) 
transformed variable r? = 
H&) 
fluid velocity through top sur- 
face 
vertical distance 
height of source 
scaled source strength 
the Dirac delta function 
solid “contact stress’ 
dilatation 4 = V. u 
lame stress constants 
transformed variable 4 = 
4141 
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P=s,f 
qB 
4” 
up 
n 
the solid or fluid phase 
source or sink term for p 
phase 
stress tensor for p phase 
velocity of p phase 
density of p phase 
intrinsic density of p phase 
drag force between con- 
stituents 
the volume fraction of the p 
phase 
partial stress in /3 phase 
nondimensional quantities 
(J?, 2, B, 2, F) 
References 
1. Scott, R. F. Subsidence-A review. Eunluation and Prediction of 
Subsidence, ed. S. K. Saxena, A.S.C.E., New York, 1978, pp. l-25 
2. Bear, J. and Corapcioglu, M. Y. A mathematical model for 
consolidation in a thermoelastic aquifer due to hot water injec- 
tion or pumping. Waler Resources Res. 1981, 17, 723-736 
3. Terzaghi, K. Erdbaumechanik auf Bodenphysikalischen Grundla- 
gen. Wien, Deuticke 1925 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
11. 
Biot, M. A. General theory of three-dimensional consolidation. _I. 
Appl. Phys. 1941, 12, 155-164 
Kenyon, D. E. The theory of an incompressible solid-fluid mix- 
ture. Arch. Rat. Mech. Anal. 1976, 62, 131-147 
Bowen, R. M. Incompressible porous media models by the theory 
of mixtures. Inc. J. Eng. Sci. 1980, 18, 1129-1148 
Mow, V. C. and Lai, W. M. Recent developments in synovial 
joint biomechanics. SIAM Reu. 1980, 22, 275-317 
Mow, V. C., Hou, J. S., Owens. J. M., and Ratcliffe, A. Biphasic 
and quasilinear viscoelastic hydrated soft tissues. Biomechanics of 
Diarthrodial Joints, eds. V. C. Mow, A: Ratcliffe, and S. L-Y. 
Woo, Springer-Verlag. New York, 1990, pp. 215-260 
Booker, J. R. and Carter, J. P. Long term subsidence due to fluid 
extraction from a saturated, anisotropic, elastic soil mass. Q. J. 
Mech. Appl. Math. 1986, 39, 85-97 
Booker, .I. R. and Carter, J. I’. Withdrawal of a compressible 
pore fluid from a point sink in an isotropic elastic half space with 
anisotropic permeability. Int. .I. Solids Sfruct. 1987, 23, 369-385 
Heinrich, G. and Desoyer, K. Theorie dreidimensionaler Set- 
zungsvorgaenge in Tonshichten. Ing.-Arch. 1961, 30, 225-253 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22 
23 
24. 
25. 
26. 
27. 
Gibson, R. E., Schiffman, R. L., and Pu, S. L. Plane strain and 
axially symmetric consolidation of a clay layer on a smooth 
impervious base. Q. J. Mech. Appl. Math. 1970, 23, 505-520 
Mak, A. F., Lai, W. M., and Mow, V. C. Biphasic indentation of 
articular cartilage-I. Theoretical analysis, J. Biomech. 1987, 20, 
7033714 
Spilker, R. L., Suh, J.-K., and Mow, V. C. A finite element 
analysis of the indentation stress-relaxation response of linear 
biphasic articular cartilage. .I. Biomech. Eng. 1992, 114, 191-201 
Suh, J.-K. and Spilker, R. L. Indentation analysis of biphasic 
articular cartilage: nonlinear phenomena under finite deforma- 
tion. J. Biomech. Eng. 1994, 116, l-9 
Sachs, J. R., Glucksberg, M. R., Jensen, 0. E., and Grotberg, J. 
B. Linear flow and deformation in a poroelastic disc with a free 
surface. J. Appl. Mech. 1994, 61, 726-728 
Jensen, 0. E., Glucksberg, M. R., Sachs, J. R., and Grotberg, J. 
B. Weakly nonlinear deformation of a thin poroelastic layer with 
a free surface. J. Appl. Mech. 1994, 61, 729-731 
Vardoulakis, I. and Harnpattanapanich, T. Numerical Laplace- 
Fourier transform inversion technique for layered-soil consolida- 
tion problems: 1. Fundamental solutions and validation. lnt. J. 
Num. Anal. Meth. Geomech. 1986, 10, 347-365 
Barry, S. I., Aldis, G. K., and Mercer, G. N. Injection of fluid into 
a layer of deformable porous medium. Appl. Mech. Rels. 1995,48, 
722-726 
Lai, W. M. and Mow, V. C. Drag induced compression of articu- 
lar cartilage during a permeation experiment. Biorheology 1980, 
17, 111-123 
Holmes, M. H. A theoretical analysis for determining the nonhn- 
ear hydraulic permeability of a soft tissue from a permeation 
experiment. Bull. Math. Biol. 1985, 47, 669-683 
Barry, S. I. and Aldis, G. K. Comparison of models for flow 
induced deformation of soft biological tissue. J. Biomech. 1990, 
23, 647-654 
Barry, S. I. and Aldis, G. K. Unsteady flow induced deformation 
of porous materials. Int. J. Non-Linear Mech. 1991, 26, 687-699 
Barry, S. I. and Aldis, G. K. Radial flow through deformable 
porous shells. J. Austral. Math. Sot. Ser. B 1993, 34, 333-354 
Bedford, A. and Drumheller, D. S. Recent advances, theory of 
immiscible and structured mixtures. Int. J. Eng. Sci. 1983, 21, 
863-960 
Hou, J. S., Holmes, M. H., Lai, W. M., and Mow, V. C. Boundary 
conditions at the cartilage-synoviai fluid interface for joint lubri- 
cation and theoretical verifications. J. Biomech. Eng. 1989. 111, 
7x-57 
Gradshteyn, I. S. and Ryzhik, 1. M. Table of Integral.s, Series, and 
Products. Academic Press, New York, 1980 
Appl. Math. Modelling, 1997, Vol. 21, November 689 
